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5.1 - Trigonometric Identities

Warmup 1717
Establish the identity

sin?(—x) — cos?(—x) ,
= COSX — SIn x

sin(—x) — cos(—x)

1 4+ tanx
1 2) = tan x
1 +cotx

sin x 1 4+ cosx
+ - = 2cCscx
1 +cosx SIN X
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. Trigonometric ldentities

Sum and Difference Identities
Double-Angle Identities
Half-Angle Identities
Product-to-Sum Identities
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5.2 - Sum and Difference Identities

Trigonometric functions are not distributive, for example:
COS(A + B) # cosA + cos B

Easy to prove. LetA = rand B = 0.

cos(r+0)=cosz=—1
Contradiction!!!

cost+cosO=—-14+1=0 —



5.2 - Sum and Difference Identities

Deriving the Cosine difference of angles 317
(0, I)I
P, P,
P, = (cosa, sina) P P, = (cosf, sinf)
1.0 d X5\ X
(1,0)

Theorem 10.6 Congruent Corresponding Chords Theorem

0, 1) In the same circle, or in congruent circles, two B _C
‘ minor arcs are congruent if and only if their

corresponding chords are congruent.

, A~—D
P, = (cosa,sina) Proof Ex. 19, p. 550 AB = CD if and only if AB = CD.

P, = (cos f3,sin 3)




5.2 - Sum and Difference Identities

Deriving the Cosine difference of angles 317
(0, I)I P; = (cos(a- B), sin(a- B)) 0, 1)
P, P,
P, = (cosa, sina) P P, = (cosp, sinf)
(—1.0)‘ o ,B\ x (-1,0) a- x
(1,0) ' 7
. T0.-1)
R | From Geometry (0,-1)
dP1t0P2=dP3t0P4
P, = (cosa, sina) P; = (cos(a — f), sin(a — f))
P, = (cos f3,sin 3) P,=(1,0)

\/(cosﬂ —cos )’ + (sin f — sina)? = \/(1 — cos(a — f))* + (0 — sin(a — B))?
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5.2 - Sum and Difference Identities

Deriving the Cosine difference of angles AnT

.\‘
0, 1 )I

P,

P, = (cose, sin@) P

'
— (0,-1)

AY

P; = (cos(a - B), sin(a- B)) ‘(0. 1)

> 2,
~ P, = (cosp, sinf)
(-1,0) % .B\ X (-1,0) o - X
. * > * >

®
(0, -1)

\/(cosﬁ — cosa)’ + (sin f — sin a)? = \/(1 — cos(a — B))? + (0 — sin(a — B))?

(cos f — cos a)® + (sin f — sin a)? = (1 — cos(a — ))* + (0 — sin(a — B))?

cos® f — 2 cos a cos f + cos” a + sin’ f — 2 sin @ sin f + sin* a

2

=1 —2cos(a — fB) + cos*(a — B) + sin’*(a — ff)

2—2cosacosff—2sinasinff =2 —2cos(a — )




5.2 - Sum and Difference Identities

Deriving the Cosine difference of angles 517
(0, I)I P; = (cos(a- B), sin(a- B)) (0, 1)
P, P,
P, = (cosa, sina) PR P, = (cosf, sinf)
(-1,0) d X5\ x (-1,0) a- x
L *—> L 2 >
(1,0)

1 ©.-1 T, -1

2—2cosacosf—2sinasinff =2 —2cos(a — f)

—2cosacosff—2sinasinff = —2cos(a — ff)

cos a cos f + sina sin f = cos(a — f3)
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5.2 - Sum and Difference Identities

Deriving the Cosine sum of angles 6/17
Start with the cosine difference identity

cos(a — ff) = cosacosff+ sinasinf

Substitute g with —p

cos(a — (—f)) = cosacos(—f) + sin a sin(—f3)

cos(a + f}) = cosacos ff —sina sin 3
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5.2 - Sum and Difference Identities

cos(a — ff) = cosacos ff + sinasin f 2/17
cos(a + f) = cosacos ff — sinasin 3

Evaluate each of the following exactly:

V6 +/2
4

a. cosly’ cos(45° — 30°) =

cos<4” 37:) _V2-46

_|_
12 12

c. cos75° cos(120° — 45°) =

V6 -2
4
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5.2 - Sum and Difference Identities

Derive Cofunction Identity cos(90° — x) = sinx 8/17

Start with the cosine difference identity

cos(a — ff) = cosacosff+ sinasinf

Substitute a = g and f =60

cos(%—ﬁ) = COoS % cos @ + sin % sin @

cos(%—@) = 0-cos@+ 1-sinf

cos(%—&) = sin 6
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5.2 - Sum and Difference Identities

Derive Cofunction Identity cosx = sin(90° — x) 917

Again, start with the cosine difference identity

cos(a — ff) = cosacosff+ sinasinf

T

Substitute « = — and f=——-0
2 2

T

cos[%—(%—@)] = cos 7

cos(%—@) + sin % sin(%—@)

cosd =0- cos(%—@) +1- sin(%—H)

cos O = sin(%—@) cos(%—@) = sin 6




5.2 - Sum and Difference Identities

Deriving the Sine sum of angles 10/17
Start with the cofunction identity

sin @ = cos(%—@)

Substitute @ = A + B
k| sin(A + B) = COS(%—(A + B))
sin(A + B) = cos((%—A) — B)

sin(A + B) = cos(%—A)cosB + sin(%—A)sin B




5.2 - Sum and Difference Identities

Deriving the Sine difference of angles 1117
Start with the Sine sum of angles

sin(A + B) = sin Acos B + cos A sin B

Substitute B with —B
sin(A + (—B)) = sin A cos(—B) + cos A sin(—B)
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5.2 - Sum and Difference Identities

sin(ad — f#) = sinacos f — cos asin f
sin(a + ) = sina cos ff + cos a sin

Evaluate each of the following exactly:

V6 -2
4

a. sin 15° sin(45° — 30°) =

, (47z 37r> V6 +4/2
Sin + =

12 12 =

c. sin75 sin(120° — 45°) =

V6 +/2
4

12/17



5.2 - Sum and Difference Identities

Sine/Cosine Identities 13/17
Sum/Difference of Angles

cos(a — ) = cosacosff+ sinasinf
cos(a + ff) = cosacos ff —sinasin 3
sin(ax — ff) = sina cos f — cos a sin f
sin(a + f) = sina cos ff + cos a sin 3

Cofunctions
cos @ = sin(%—@)

sin @ = cos(%—@)




5.2 - Sum and Difference Identities

Deriving the Tangent sum of angles 14/17
Start with the Tangent ldentity
sin(A + B
tan(A + B) = ( )
cos(A + B)
sin A cos B+ cos A sin B
tan(A + B) = - .
- cosSAcosB —sin Asin B
sin A cos B cos A sin B
__ CcosAcosB cos A cos B
tan(A T B) " cosAcosB . sin A sin B
cosAcosB cosAcosB
tan A + tan B
tan(A + B) =

1 —tan Atan B




5.2 - Sum and Difference Identities

Deriving the Tangent difference of angles 15/17

Start with the Tangent Sum ldentity
tan A + tan B
]l —tanAtan B

tan(A + B) =

Substitute B with —B

tan A + tan(—B)

tan(A + (=B)) = 1 — tan A tan(—B)

tan A —tan B

tan(A — B) =
]l +tan Atan B




5.2 - Sum and Difference Identities

Sine/Cosine Identities 16/17
Sum/Difference of Angles

cos(a — ) = cosacosff+ sinasinf
cos(a + ff) = cosacos ff —sinasin 3
sin(ax — ff) = sina cos f — cos a sin f

sin(a + f) = sina cos ff + cos a sin 3

E Cofunctions
cosd = sin(%—@)

sin @ = cos(%—@)

Tangent Identities

tan A + tan B
tan(A + B) =

1 —tan Atan B

tan A — tan B
tan(A — B) =

1 +tan Atan B
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5.2 - Sum and Difference Identities

cos(a — f}) = cosacos ff + sina sin 3 sin(d — f}) = sinacosff—cosasinff 17/17
cos(a+ f) =cosacosff—sinasinff  sin(a + f) = sina cos f + cos a sin

tan A + tan B tan A —tan B
tan(A + B) = tan(A — B) =
l1—tan Atan B 1+tan Atan B

Practice - Establish the identity

: C(.)S(a ._ﬂ) = cotacotf+ 1
sin o sin 3
Use
in(@ + /2
b. tan <0+ E) = —cotd tan(0+=) = sin(o + 7/2)
2 2 cos(0 + n/2)



